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H∞ Inverse Optimal Attitude-Tracking Control
of Rigid Spacecraft

Wencheng Luo,∗ Yun-Chung Chu,† and Keck-Voon Ling‡

Nanyang Technological University, Singapore 639798, Republic of Singapore

The attitude trajectory tracking control problem for a rigid spacecraft with external disturbances is addressed
using the robust inverse optimal-control method. The proposed feedback-control law is optimal with respect to a
meaningful cost functional involving tracking errors, control efforts, and extended disturbances, and the associated
Lyapunov function satisfies a Hamilton–Jacobi–Isaacs partial differential equation. The controller is H∞ optimal
with respect to extended disturbances. The performance limitation of the inverse optimal feedback controller
is analyzed and guidelines for the selection of the controller gains are established. Numerical simulations are
performed to demonstrate the effectiveness of the proposed control algorithm and the tuning guidelines.

Nomenclature
‖A‖ = induced 2-norm of the matrix A ∈Rn × n ,

‖A‖ = √
[λmax(AT A)]

AT = transpose of A
|a| = Euclidean norm of the vectora ∈Rn , |a| = √

(aT a)

d, d̂ = external disturbance and extended disturbance,
respectively

J = inertia matrix of the spacecraft, J = J T > 0
L f V = Lie derivative of the Lyapunov function V (x) with

respect to f (x),

L f V = ∂V (x)

∂x
f (x)

L2[0, ∞) = linear space consisting of square integrable
Rm-valued functions; that is, v ∈L2[0, ∞)
implies that∫ ∞

0

v(t)T v(t) dt

is finite
q, qc, qe = actual quaternion of spacecraft, target quaternion,

and quaternion error, respectively; qe = [εT , η]T

R = real space
S3, T S3 = unit sphere in R4 and its tangent bundle,

respectively
w, wc, we = actual angular velocity of spacecraft, desired

angular velocity, and rate error, respectively;
we = w − wc

x, x̃ = system state x = [εT , η, wT
e ]T and tracking errors

x̃ = [εT , wT
e ]T

λi = λi = λmax(J −1), the maximum eigenvalue of J −1

λ j = λ j = λmax(J ), the maximum eigenvalue of inertia
matrix J
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I. Introduction

T HE present generation of spacecraft requires attitude-control
systems to provide attitude-maneuver, tracking, and pointing

capabilities, whereas the equations that govern large-angle maneu-
vers in the presence of exogenous disturbances are nonlinear and
highly coupled. Thus, control system design must consider nonlin-
ear dynamics.

Various nonlinear control algorithms have been proposed for solv-
ing the attitude-control problem. These include nonlinear feedback
control,1 feedback linearization,2 variable-structure sliding control,3

linearly bounded control,4 nonlinear adaptive control,5 and nonlin-
ear H∞ control.6 Because its inherent robustness with respect to dis-
turbances and model uncertainty, the nonlinear H∞ optimal-control
method7 is a potential approach to solving the nonlinear attitude-
control problem. However, the practical application of nonlinear
H∞ optimal control is still an open problem due to the difficulty of
solving the associated Hamilton–Jacobi–Isaacs (HJI) partial differ-
ential equation. Many methods have been proposed in an attempt to
solve the HJI equation. One of the methods that provide approximate
solutions is the state-dependent Riccati equation method,8 though
only suboptimality and local stability can be guaranteed. Algebraic
and geometric tools9−11 were employed to study a particular H∞
suboptimal control problem by solving the associated HJI partial
differential inequality. Note that the derived H∞ suboptimal con-
trol laws9−11 were designed to solve the attitude-stabilizing control
problem and the L2-gain γ was restricted to be larger than a certain
value. A power series solution12 of the HJI inequality was proposed
for the H∞ suboptimal control of wing rock motions by representing
the state vector as a series of closed-loop Lyapunov functions. The
concept of extended disturbances, including system error dynam-
ics, was introduced into robotics by Park and Chung13 to solve the
HJI equation. Besides these attempts to find analytical solutions, a
numerical approach14 was proposed as a systematic way to find the
numerical solution of the HJI equation.

In this paper we follow an alternative approach to derive H∞ opti-
mal feedback control laws for the nonlinear attitude-tracking control
problem of rigid spacecraft with external disturbances. We employ
the robust inverse optimal-control approach,15,16 which circumvents
the task of solving the HJI partial differential equation and results
in a controller that is optimal with respect to a set of cost func-
tionals involving tracking errors, control efforts, and disturbances
and achieves disturbance attenuation. The robust inverse optimality
approach requires knowledge of a control Lyapunov function and a
stabilizing control law for an auxiliary nonlinear system. The first
application of this approach to the attitude-control problem was
presented in Ref. 17, in which a nonlinear inverse optimal feed-
back controller based on Rodrigues parameters was proposed for
the attitude-stabilizing control problem of a rigid spacecraft in the
absence of exogenous disturbances. The optimal feedback-control
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law17 is a regional control algorithm because the attitude represen-
tation using the Rodrigues parameters has a singularity. Also, only
the stabilizing-control problem and not the attitude-tracking prob-
lem was considered in Ref. 17.

Based on attitude representation using unit quaternions, which is
globally nonsingular, the attitude-tracking control problem subject
to disturbances is studied in this paper. The main contributions of
this paper relative to other related works are as follows:

1) With the introduction of the concept of extended disturbance,
the inverse optimality approach is applied to solve the attitude-
tracking control problem subject to exogenous disturbances. This
approach has been used in robot control13,18 for the trajectory-
tracking problem of Euler–Lagrangian systems but not in the
attitude-control literature for the attitude-tracking problem of space-
craft with external disturbances.

2) The proposed inverse optimal controller is also H∞ optimal
with respect to the extended disturbance, thus achieving H∞ distur-
bance attenuation. By comparison, the H∞ suboptimal controllers in
Refs. 6 and 9–11 were designed for the attitude-stabilization prob-
lem but not the attitude-tracking problem. Furthermore, theL2 gains
γ of those H∞ suboptimal controllers were restricted to be larger
than certain values. Under the H∞ inverse optimal controller in this
paper, theL2 gain γ of the closed-loop system is required to be posi-
tive only. It can be chosen to be sufficiently small to achieve any level
of H∞ disturbance attenuation at a cost of a larger control effort.

3) The proposed controller is a proportional-derivative (PD) con-
troller, and tuning rules are established in this paper for selecting
controller gains based on performance analysis. PD controllers were
designed in Refs. 1, 6, and 9–11 and conditions were given for the
PD control gains. However, how to tune the control gains on the
basis of performance analysis was not analytically stated there.

The rest of the paper is organized as follows. In the next section,
we will briefly review some preliminaries of the nonlinear H∞ con-
trol method and the inverse optimal-control approach. In Sec. III, we
formulate the nonlinear attitude-tracking control problem of space-
craft. In Sec. IV, a state-feedback H∞ inverse optimal feedback con-
troller is derived using the robust inverse optimal-control method.
Performance estimates for the inverse optimal controller are ana-
lyzed and selection guidelines for the controller gains are established
in Sec. V. Numerical simulations in Sec. VI illustrate the theoretical
results of the paper. Finally, conclusions follow in Sec. VII.

II. Preliminaries
In this section, we will survey some standard results of nonlinear

H∞ control theory7 and the inverse optimal control method.16

A function α :R+ →R+ is of class K if it is continuous, positive
definite, and strictly increasing. It is of class K∞ if it is also un-
bounded. A function β :R+ ×R+ →R+ is of class KL if, for each
fixed t ≥ 0, β(·, t) is of class K and, for each fixed s ≥ 0, β(s, t)
decreases to 0 as t → ∞.

Consider a nonlinear system of the form

ẋ = f (x) + g1(x)d + g2(x)u, y = h(x) (1)

where x is the state vector, d is the exogenous disturbance to be
rejected, u is the control input, and y is the penalized output signal.
We assume that f (x), g1(x), g2(x), and h(x) are smooth functions
and x = 0 is the equilibrium point of the nonlinear system; that is,
f (0) = h(0) = 0. Also, the disturbance d is assumed to be bounded
with a known bound. Hence,

∫ T

0

|d(t)|2 dt < ∞

for all finite T ≥ 0.
The nonlinear state-feedback H∞ control problem is to find a

state-feedback control u = k(x) for Eqs. (1), with k(0) = 0, such that
the L2 gain from the disturbance d to the block vector of outputs
y and inputs u is not larger than γ , that is, such that there exists a

positive function K (x) ≥ 0 with K (0) = 0 such that

∫ T

0

(|y(t)|2 + uT R2(x)u
)

dt ≤ γ 2

∫ T

0

|d(t)|2 dt + K (x0) (2)

is satisfied for all T ≥ 0 and for any initial condition x(0) = x0 of
(1), where R2(x) is symmetric and positive definite for all x . The
H∞ optimal problem is to find, if it exists, the smallest value γ ∗ of
such an L2 gain γ .

Lemma 1: Consider the nonlinear system (1). Let the constant
γ > 0 and the matrix R2(x) = RT

2 (x) > 0 for all x . Suppose that there
exists a smooth solution V (x) ≥ 0 with V (0) = 0 to the Hamilton–
Jacobi–Issacs partial differential equation

∂V

∂x
f (x) + ∂V

∂x

[
1

γ 2
g1(x)gT

1 (x) − g2(x)R−1
2 (x)gT

2 (x)

](
∂V

∂x

)T

+ 1

4
hT (x)h(x) = 0 (3)

or to the Hamilton–Jacobi–Issacs partial differential inequality

∂V

∂x
f (x) + ∂V

∂x

[
1

γ 2
g1(x)gT

1 (x) − g2(x)R−1
2 (x)gT

2 (x)

](
∂V

∂x

)T

+ 1

4
hT (x)h(x) ≤ 0 (4)

Then the closed-loop system for the feedback

u = −2R−1
2 (x)gT

2 (x)

(
∂V

∂x

)T

(5)

has L2 gain less than or equal to γ from the disturbance d to the
block vector of outputs h and control inputs u. The “worst-case”
disturbance is given by

d∗ = 2

γ 2
gT

1 (x)

(
∂V

∂x

)T

Proof: The lemma is a direct result of a theorem of Van der
Schaft.7 From Eq. (3),

V̇ = ∂V

∂x
f (x) + ∂V

∂x
g1(x)d + ∂V

∂x
g2(x)u

=
∣∣∣∣R

− 1
2

2

(
Lg2 V

)T − 1

2
R

1
2

2 u

∣∣∣∣
2

− 1

γ 2

∣∣∣∣
(

Lg1 V
)T − γ 2

2
d

∣∣∣∣
2

− 1

4
|h|2 − 1

4
uT R2u + γ 2

4
|d|2

Choosing u as in Eq. (5) and integrating with respect to t from 0 to
∞, we conclude that relation (2) is satisfied with K (x0) = 4V (x0)
and thus the L2 gain is not larger than γ . �

In general, the HJI partial differential inequality (4) only guar-
antees a suboptimal solution. The main and most challenging task
in solving the nonlinear H∞ control problem is to find a smooth
positive function V (x) satisfying the HJI equation (3) or the HJI
inequality (4). However, it is in general very difficult to solve the
HJI equation (3) or the HJI inequality (4).

Compared with nonlinear H∞ control, the inverse optimal
method16 solves the nonlinear optimal-assignment problem with
respect to a meaningful cost functional without solving the HJI par-
tial differential equation explicitly. For completeness of this paper,
we quote the following theorem of the inverse optimal method.

Theorem 1 (Ref. 16): Consider the nonlinear control system (1)
and its auxiliary system

ẋ = f (x)+g1(x)�ρ

(
2
∣∣Lg1 V

∣∣)[(Lg1 V
)T /∣∣Lg1 V

∣∣2]+g2(x)u (6)
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where V (x) is a Lyapunov function candidate and ρ is a class K∞
function whose derivative ρ ′ is also a class K∞ function; �ρ denotes
the transform

�ρ(r) =
∫ r

0

(ρ ′)−1(s) ds

where (ρ ′)−1(r) stands for the inverse function of dρ(r)/dr . Sup-
pose that there exists a matrix-valued function R2(x) = RT

2 (x) > 0
such that the control law

u = α(x) = −R−1
2 (x)

(
Lg2 V

)T
(7)

globally asymptotically stabilizes (6) with respect to V (x). Then
the control law

u = α∗(x) = βα(x) = −β R−1
2 (x)

(
Lg2 V

)T
(8)

with β ≥ 2 solves the inverse optimal gain assignment problem for
the nonlinear system (1) by minimizing the cost functional

Ja(u) = sup
d∈D

(
lim

t → ∞

{
2βV (x(t))

+
∫ t

0

[
l(x) + uT R2(x)u − βλρ

( |d|
λ

)]
dτ

})

for any λ ∈ (0, 2], where D is the set of locally bounded functions
of x , and

l(x) = −2β

[
L f V + �ρ

(
2
∣∣Lg1 V

∣∣) − Lg2 V R−1
2

(
Lg2 V

)T
]

+ β(2 − λ)�ρ

(
2
∣∣Lg1 V

∣∣) + β(β − 2)Lg2 V R−1
2

(
Lg2 V

)T

For nonlinear control systems with disturbances or in the case of
trajectory tracking, integral-input-to-state stability (iISS)19 is a use-
ful theoretical tool to analyze the stability of the closed-loop system.
We say that the control system (1) with control inputs u = k(x) is
0-GAS if the 0-disturbance system ẋ = f (x) + g2(x)k(x) is glob-
ally asymptotically stable (GAS). We say that the control system
(1) with control inputs u = k(x) is iISS with respect to d if for some
functions α, γ ∈K∞ and β ∈KL, for all initial states x(0) and all
d, the following estimate holds:

α(|x(t)|) ≤ β(|x(0)|, t) +
∫ t

0

γ (|d(s)|) ds, ∀t ≥ 0

The control system (1) with the control law u = k(x) is iISS iff
it is 0-GAS and zero-output dissipative, that is, if there exist a pos-
itive definite radially unbounded smooth function V :Rn →R and
a class K∞ function ν such that

V̇ (t, x) ≤ ν(|d|), ∀x, d

III. Attitude-Tracking Problem Formulation
The spacecraft is assumed to be a rigid body with actuators that

provide torques about three mutually perpendicular axes that define
a body-fixed frame B. The equations of motion of the spacecraft are
given by (Ref. 20, Chap. 4)

q̇v = 1
2 [q4 I3 + S(qv)]w, q̇4 = − 1

2 qT
v w

ẇ = −J −1 S(w)Jw + J −1u + J −1d (9)

where qv ∈R3 and q4 ∈R satisfy qT
v qv + q2

4 = 1, q = [qT
v , q4]T de-

notes the unit quaternion that represents the orientation of the space-
craft in B with respect to an inertial frame I, w denotes the inertial
angular velocity of the spacecraft with respect to the inertial frame
I and expressed in the body frame, J = J T denotes the positive
definite inertia matrix of the spacecraft, u ∈R3 and d ∈R3 denote
the control torque and the external disturbance torque, respectively,

and I3 is a 3 × 3 identity matrix. The notation S(a) induced by a
vector a = [a1, a2, a3]T denotes a skew-symmetric matrix

S(a) =




0 −a3 a2

a3 0 −a1

−a2 a1 0




that satisfies the following important properties:

ST (a) = −S(a), S(a)b = −S(b)a, S(a)a = 0

‖S(a)‖ = |a|, S(a)S(b) = baT − aT bI3

S(S(a)b) = baT − abT (10)

These properties are very helpful in the derivation of nonlinear error
equations and in designing a nonlinear H∞ optimal-control law.

Our objective in attitude control is to track an attitude target trajec-
tory to achieve an attitude maneuver with satisfactory accuracy. Let
the desired attitude motion of the spacecraft be described by the tar-
get unit quaternion qc = [qT

cv, qc4]T and the desired angular velocity
wc. From Eqs. (9) we obtain the following differential equations:

q̇cv = 1
2 [qc4 I3 + S(qcv)]wc, q̇c4 = − 1

2 qT
cvwc (11)

According to quaternion multiplication (Ref. 20, Appendix A),
the quaternion error vector qe = [qT

ev, qe4]T that lies in S3 space
and satisfies the algebraic constraint qT

evqev + q2
e4 = 1 can be ex-

pressed by

qev = qc4qv − S(qcv)qv − q4qcv, qe4 = qT
cvqv + q4qc4 (12)

The rate error we is defined as

we = w − wc (13)

Applying Eqs. (10–13) to Eqs. (9), we can obtain the differential
error equations for the tracking-problem formulation:

q̇ev = 1
2 [qe4 I3 + S(qev)]we + S(qev)wc, q̇e4 = − 1

2 qT
evwe

J ẇe = −[S(we + wc)Jwe + S(we)Jwc]

+ u + [d − J ẇc − S(wc)Jwc] (14)

For simplicity of notation, we let ε = qev and η = qe4 and define
the extended disturbance as

d̂(we, t) =
[

Jwc

dc − S(wc)Jwe − S(we)Jwc

]
(15)

where dc = d − J ẇc − S(wc)Jwc is a combination of the reference
signals ẇc(t) and wc(t) and the external disturbance d(t). Hence
we can rewrite the nonlinear error differential equations (14) as




ε̇

η̇

ẇe


 =




1
2 [ηI3 + S(ε)]we

− 1
2 εT we

−J −1 S(we)Jwe


 +




033

013

J −1


 u

+




S(ε)J −1 033

013 013

033 J −1


 d̂ (16)

where 033 and 013 are the zero matrices of the indicated dimensions.
The attitude-tracking problem is then transformed into the prob-
lem of the stabilization of the error system (16) with respect to the
extended disturbance d̂(we, t). Note that both (ε, η) and (−ε, −η)
represent the same physical attitude orientation.

Lemma 2 (Ref. 21): The two coordinate systems, corresponding
to q and qc, respectively, coincide if and only if the error vector ε
in Eq. (12) is zero, that is, ε = 0.
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Assumption 1: The target angular velocity wc(t) and its derivative
ẇc(t) are bounded for all times t ≥ 0 with known bounds: that is,
there exist known, finite, and positive constants c̄w1 and c̄w2 such
that supt ≥ 0 |wc(t)| ≤ c̄w1 and supt ≥ 0 |ẇc(t)| ≤ c̄w2 .

Applying Lemma 2, we can state the attitude-tracking control
problem as follows.

Definition 1: Under Assumption 1, the attitude-tracking control
problem is to find a continuous feedback control u = u(ε, η, we)
such that ε → 0 and we → 0 as t → ∞.

Remark 1: For setpoint regulation, qc ≡ constant, wc ≡ 0, and
ẇc ≡ 0, we can use the original system (9) and the error signals
(12) and (13) to design the control law.

IV. H∞ Optimal Attitude-Tracking Control
Now we proceed to design the attitude trajectory tracking control

law. Define the state

x = [
εT η wT

e

]T
(17)

Because η is not an independent variable for the attitude-control
system, we also write

x̃ = [
εT wT

e

]T
(18)

We choose the Lyapunov function V of the form

V (x) = 1
2 wT

e Jwe + bwT
e Jε + 2c(1 − η) (19)

where b should be small enough to ensure that V is positive definite
and c > 0.

Note that 2(1 − η) = |ε|2 + (1 − η)2. A sufficient condition for V
being positive definite is that

QV =
[

2cI3 bJ

bJ J

]
> 0, that is, 2cI3 > b2 J (20)

Therefore, along the trajectory of Eq. (16) and applying the proper-
ties (10) of the skew-symmetric matrix S(a), we have the following
Lie derivatives of V :

L f V = (b/2)wT
e J [ηI3 + S(ε)]we + cεT we − bεT S(we)Jwe

= (b/2)wT
e J [ηI3 − S(ε)]we + cεT we

Lg1 V = [
bwT

e J S(ε)J −1, wT
e + bεT

]

Lg2 V = wT
e + bεT

Before presenting an inverse optimal control law in Theorem 3,
we first propose a PD controller that stabilizes an auxiliary system
(23) of the nonlinear attitude system (16) on (S3 ×R3) \ (0, −1, 0)
by the following theorem.

Theorem 2: The PD control law

u = −R−1
2 (x)(Lg2 V )T = −[

k1 + (
k2

/
γ 2

)]
(we + bε) (21)

with the matrix R2(x) being

R−1
2 (x) = [

k1 + (
k2

/
γ 2

)]
I3 (22)

globally asymptotically stabilizes the auxiliary system



ε̇

η̇

ẇe


 =




1
2 [ηI3 + S(ε)]we

− 1
2 εT we

−J −1 S(we)Jwe


 +




033

013

J −1


 u

+ 1

γ 2




S(ε)J −1 033

013 013

033 J −1


 (Lg1 V )T (23)

about the equilibrium point (ε, η, we) = (0, 1, 0) on (S3 ×R3)\
(0, −1, 0) if the controller gains in Eqs. (19) and (21) satisfy the
following conditions:

b > 0, c = 2b
[
k1 + (k2 − 1)

/
γ 2

]

k1 > (b/2)λ j + (b2/γ 2)λ2
jλ

2
i − (k2 − 1)

/
γ 2

1 ≤ k2 ≤ 1 + b2λ2
jλ

2
i (24)

Furthermore, if the initial condition satisfies

η(0) ≥ −1 + (1/2c)
[

1
2 wT

e (0)Jwe(0) + bwT
e (0)Jε(0)

]+ (1/2c)δη

(25)

where δη is a sufficiently small constant, δη > 0, then ε and we → 0
exponentially.

Proof: If we consider a class K∞ function ρ(r) = γ 2r 2, it follows
that ρ ′(r) = 2γ 2r, (ρ ′)−1(r) = r/2γ 2,

�ρ(r) =
∫ r

0

(ρ ′)−1(s) ds = r 2

4γ 2

and �ρ(2r) = r 2/γ 2. We can then construct an auxiliary system as
follows:

ẋ(t) = f (x) + (1/γ 2)g1(x)
(

Lg1 V
)T + g2(x)u (26)

which is the state representation of Eq. (23).
Since εT ε + η2 = 1, it can be shown that ‖ηI3 − S(ε)‖ = 1 and

∣∣wT J [ηI3 − S(ε)]w
∣∣ ≤ ‖J‖|w|2

Applying the previous inequality and the properties (10) of the skew-
symmetric matrix S(a) along the solution of Eq. (23), we have

V̇ = L f V + 1

γ 2
(Lg1 V )(Lg1 V )T + Lg2 V u

=
(

b

2

)
wT

e J [ηI3 − S(ε)]we + cεT we

+ 1

γ 2

∣∣∣∣
[−bJ −1 S(ε)Jwe

we + bε

]∣∣∣∣
2

+ (we + bε)T u

= b

2
wT

e J [ηI3 − S(ε)]we + cεT we + 1

γ 2
|we + bε|2

− b2

γ 2
wT

e J S(ε)J −2 S(ε)Jwe + (we + bε)T u

≤ b

2
wT

e J [ηI3 − S(ε)]we +
(

c + 2b

γ 2

)
εT we

+ 1

γ 2

(|we|2 + b2|ε|2) + b2

γ 2
|we|2‖J‖2‖S(ε)‖2‖J −1‖2

+ (we + bε)T u ≤ b

2
λ j |we|2 +

(
c + 2b

γ 2

)
εT we

+ 1

γ 2

(|we|2 + b2|ε|2) + b2

γ 2
λ2

jλ
2
i |ε|2|we|2 + (we + bε)T u

≤
(

b

2
λ j + 1

γ 2
+ b2

γ 2
λ2

jλ
2
i

)
|we|2 + b2

γ 2
|ε|2

+
(

c + 2b

γ 2

)
εT we + (we + bε)T u (27)
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We design the control law u(x) to be of a PD form, given by
Eq. (21), and select the controller parameters b, c, k1, k2 satisfying
the constraint (24). Clearly, such parameters guarantee Eq. (20)
because

2cI3 ≥ 4bk1 I3 > 2b2‖J‖I3 > b2 J

Hence, the Lyapunov function V in Eq. (19) is positive definite and

V̇ ≤ [
(b/2)λ j + 1/γ 2 + (b2/γ 2)λ2

jλ
2
i

]|we|2 + (b2/γ 2)|ε|2

+ (c + 2b/γ 2)εT we − (
k1 + k2

/
γ 2

)|we + bε|2 ≤ −λb|x̃ |2

where λb > 0 is defined by

λb = min
{

k1 − (b/2)λ j − (b2/γ 2)λ2
jλ

2
i

+ (k2 − 1)
/

γ 2, b2(k2 − 1)
/

γ 2 + k1b2
}

It follows from Barbalat’s theorem (Ref. 22, p. 192) that x̃(t) → 0
as t → ∞. By Lemma 2, this corresponds to zero orientation error
and zero rate error.

Because |ε|2 + η2 = 1, the derivative value V̇ = 0 implies two
equilibrium points (ε, η, we) = (0, ± 1, 0) onS3 ×R3, standing for
the same attitude orientation. However, it is clear that (0, −1, 0) is
an unstable equilibrium point, because it is a local maximum of
V (ε, η, we) on S3 ×R3 and V̇ < 0 whenever |x̃ | 
= 0. We there-
fore conclude that η → 1 as t → ∞ whenever the initial con-
dition x(0) 
= (0, −1, 0) and the PD control law (21) results in
the global asymptotic stability of the auxiliary system (23) on
(S3 ×R3)\(0, −1, 0).

If the initial condition (25) is satisfied, we have

V (x(t)) ≤ V (x(0)) ≤ 4c − δη = V ((0, −1, 0)) − δη

implying that x(t) is bounded away from the unstable equilibrium
point (0, −1, 0) for all t ≥ 0. Then there exist finite coefficients
cη > 0, λ1 > 0, and λ2 > 0 such that

(1 − η)2 ≤ cηε
T ε, V (x) ≥ λ1|x̃ |2

V (x) ≤ 1
2 wT

e Jwe + bwT
e Jε + (c + cη)|ε|2 ≤ λ2|x̃ |2

Therefore, it follows that

V̇ ≤ −(λb/λ2)V

Hence, by the comparison principle (Ref. 22, Lemma 2.5) and from
V (x) ≥ λ1|x̃ |2, we can conclude that ε → 0 and we → 0 exponen-
tially. �

Remark 2: Given any initial conditions, the control law (21)
will make the errors ε and we of the auxiliary system (23) con-
verge to zero asymptotically, but x(t) might be arbitrarily close
to (ε, η, we) = (0, −1, 0) for some t before it converges to the de-
sired equilibrium point (0, 1, 0). On the other hand, (0, −1, 0) cor-
responds to an unstable equilibrium point because any small pertur-
bation will cause a rotation of 360 deg to η = +1. This situation is
avoided if condition (25) is satisfied by choosing k1 large enough
(because c = 2bk1 if k2 = 1) or we(0) = 0. In fact, in most attitude-
tracking control applications, the initial angular velocity we(0) is
zero or sufficiently small [by choosing the initial angular velocity
wc(0) to be the actual initial velocity w(0)], which brings the system
(23) to converge to (ε, η, we) = (0, 1, 0) exponentially.

Note that the state penalty function l(x) in Theorem 1 can be
positive semidefinite, which also corresponds to a meaningful cost
functional without loss of inverse optimality. Applying Theorems 1
and 2, we will obtain the following theorem on designing the inverse
optimal attitude-tracking control law.

Theorem 3: If we let β = λ = 2, then the state-feedback PD control
law

u = βα(x) = −2
[
k1 + (

k2

/
γ 2

)]
(we + bε) (28)

with the parameters b, c, k1, k2, and R2(x) given in Theorem 2
solves the inverse optimal gain assignment problem for the attitude-
tracking control problem with respect to the extended disturbance
d̂(we, t) by minimizing the cost functional

Ja(u) = sup
d̂ ∈D

{
lim

t → ∞

[
4V (x(t))

+
∫ t

0

(
l(x) + uT R2(x)u − γ 2|d̂|2) dτ

]}
(29)

where l(x) is a positive semidefinite state-penalty function defined
by

l(x) = −4L f V − (4/γ 2)
∣∣Lg1 V

∣∣2 + 4Lg2 V R−1
2

(
Lg2 V

)T
(30)

Furthermore, the control law (28) is also H∞-optimal for the
closed-loop attitude system with respect to the extended disturbance
d̂(we, t) and the H∞ performance index (29).

Proof: This theorem is a consequence of Theorems 1 and 2. From
the derivations in Theorem 2, we observe that R2(x) is positive
definite and

l(x) ≥ 4
[
k1 − (b/2)λ j − (b2/γ 2)λ2

jλ
2
i + (k2 − 1)/γ 2

]|we|2

+ 4b2
[
k1 + (k2 − 1)

/
γ 2

]|ε|2 (31)

which shows that l(x) is positive semidefinite onS3 ×R3 (precisely,
l(x) is positive definite in ε andwe). Therefore, Ja(u) is a meaningful
cost functional for the attitude-tracking control problem, penalizing
both the tracking errors ε and we, as well as the control effort u
and the extended disturbance d̂. Substituting l(x) into the cost func-
tional Ja(u), we will get the optimal cost Ja(u) = 4V (x(0)) and
the “worse-case” extended disturbance (see Ref. 16 for the detailed
computations)

d̂∗(x) = λ(ρ ′)−1
(
2
∣∣Lg1 V

∣∣)[(Lg1 V
)T /∣∣Lg1 V

∣∣]

= (2/γ 2)
[
Lg1 V (x)

]T
(32)

The class K∞ function ρ whose derivative ρ ′ is also a class K∞
function is defined in the same way as in the proof of Theorem 2;
that is, ρ(r) = γ 2r 2, (ρ ′)−1(r) = r/2γ 2.

From Ja(u) = 4V (x(0)), it follows that, for all T ≥ 0,
∫ T

0

[
l(x) + uT R2(x)u

]
dt ≤ γ 2

∫ T

0

|d̂|2 dt + 4V (x(0)) (33)

which implies that the closed-loop system for the feedback-control
law (28) has L2 gain less than or equal to γ from the extended
disturbance d̂(we, t) to the block vector of tracking errors x̃(t) and
control inputs u; thus the disturbance attenuation is achieved. In ad-
dition, the Lyapunov function candidate V (x) solves the following
Hamilton–Jacobi–Isaacs partial differential equation:

∂V (x)

∂x
f (x) + ∂V (x)

∂x

[
1

γ 2
g1(x)gT

1 (x) − g2(x)R−1
2 gT

2 (x)

]
∂V T (x)

∂x

+ 1

4
l(x) = 0

Therefore we conclude that the inverse optimal PD control law
(28) shows H∞ optimality with respect to the extended disturbance
d̂(we, t) and minimizes the H∞ performance index (29).

In addition, if d̂(we, t) ∈L2[0, ∞), it follows that ε ∈L2[0, ∞),
we ∈L2[0, ∞), and wc and ẇc are bounded. By Barbalat’s lemma
(Ref. 22, p. 192) we conclude that ε → 0 and we → 0 as t → ∞;
thus the attitude-tracking control problem is solved with global
convergence. �

It can be seen from inequality (31) that the state penalty
function l(x) in the performance index (29) can be written as
l(x) = x̃ T Q(x)x̃ , where the state weighting matrix Q(x) is posi-
tive definite.
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The system error certainly depends on the gains k1 and γ . As
shown in the performance analysis in Sec. V, the error is approxi-
mately proportional to the magnitude of k1 and a smaller γ brings
a smaller system error. Therefore, if we are to reduce the system
error, we can increase the magnitude of k1 and decrease that of γ
in the weight Q(x), producing a bigger control effort. Conversely,
if k1 is reduced, then a smaller control effort and a bigger error will
result.

The H∞ inverse optimal control (28) is not model-sensitive
because it does not employ feedforward compensation to cancel
the quadratic nonlinearities regarding wc in the model, namely
S(we)Jwc, S(wc)Jwe, and S(wc)Jwc, which are considered as part
of the extended disturbance d̂(we, t) given by Eq. (15) and will be
analyzed in Sec. V. Therefore, the control law (28) does not re-
quire complete information on the inertia matrix J , ensuring that
the controller is fairly robust to parametric uncertainties. Note that
the controller gains of Eq. (28) require only the largest eigenvalue
of the inertia matrix J , which is always available or can be eas-
ily estimated in practice even when the complete inertia matrix is
unknown.

For nonlinear systems with disturbances or in the case of tra-
jectory tracking, iISS19 is a useful theoretical tool to analyze the
stability of the closed-loop system; see Ref. 19 for examples. The
stability of the attitude-tracking control system (16) under the PD
control law (28) is summarized as follows.

Lemma 3: The attitude trajectory tracking full-state (ε, η, we)-
system under the inverse optimal PD control law of Eq. (28) is
integral-input-to-state stable (iISS) on (S3 ×R3) \ (0, −1, 0) with
respect to the extended disturbance d̂(we, t).

Proof: Employing the feedback-control law (28) in the error equa-
tion (16), we obtain the derivative value V̇ (x, t) by

V̇ = L f V (x) + Lg1 V d̂ − 2Lg2 V R−1
2 (x)

(
Lg2 V

)T

= − 1
4 l(x) − (1/γ 2)

∣∣Lg1 V (x)
∣∣2 + Lg1 V (x)d̂(t)

− Lg2 V (x)R−1
2 (x)

[
Lg2 V (x)

]T

Using Young’s inequality,23 it follows that

Lg1 V d̂ ≤ (γ 2/4)|d̂|2 + (1/γ 2)
∣∣Lg1 V

∣∣2

where the equals sign is satisfied only when d̂(we, t) = d̂∗(x) =
(2/γ 2)[Lg1 V (x)]T . Therefore,

V̇ ≤ − 1
4 l(x) − Lg2 V R−1

2 (x)
(

Lg2 V
)T + (γ 2/4)|d̂(t)|2 (34)

Note that l(x) and R2(x) are both positive definite on
(S3 ×R3)\(0, −1, 0). As we analyzed in the proof of Theorem
2, the full-state system is 0-GAS on (S3 ×R3)\(0, −1, 0) if the
extended disturbance d̂ = 0. It is zero-output dissipative because, if
we let the output be h(x) = 0, then V̇ < (γ 2/4)|d̂|2. Hence, it is iISS
with respect to the extended disturbance d̂(we, t). �

V. Performance Analysis
Although the inverse optimal PD control law (28) guarantees the

property of iISS of the closed-loop attitude-tracking control system,
it does not provide global asymptotic stability due to the presence of
extended disturbance. In this section, we will introduce the concept
of performance limitation from Ref. 18 to analyze the performance
of the attitude trajectory tracking controller and establish tuning
guidelines for the selection of the controller gains.

The extended disturbance d̂(we, t) defined by Eq. (15) can be
represented as

d̂(we, t) = H(t)we + h(t) (35)

where

H(t) =
[

0

−S(wc)J + S(Jwc)

]
, h(t) =

[
Jwc

dc

]

Besides Assumption 1, the following assumption is needed to obtain
an upper bound of the Euclidean norm |d̂(we, t)|.

Assumption 2: The external disturbance d(t) is bounded for all
time t ≥ 0 with a known bound; that is, there exists a known, finite,
and positive constant c̄d such that supt ≥ 0 |d(t)| ≤ c̄d .

The requirement for the external disturbance d(t) in Assumption
2 is rather minimal. We emphasize that the H∞ inverse optimal
control (28) is not restricted to disturbances with

∫ ∞

0

|d(t)|2 dt < ∞,

∫ ∞

0

|d̂(we, t)|2 dt < ∞

because any bounded (and persistent) extended disturbances, con-
sisting of the external disturbance d and the tracking reference sig-
nals wc and ẇc, are allowed in the H∞ inverse optimality approach16

and the iISS analysis.19 The control law (28) guarantees the bound-
edness of the tracking errors ε and we for any bounded extended
disturbance d̂(we, t).

Under Assumptions 1 and 2, there exist finite positive time-
varying coefficients c1, c2, c3, β1, and β2 such that

|d̂(we, t)|2 = wT
e (H T H)we + 2wT

e (H T h) + (hT h)

≤ c1|we|2 + c2|we| + c3 ≤ β1|we|2 + β2 (36)

Such coefficients can be chosen as

c1 = ‖H‖2 ≤ 4λ2
j |wc|2, c2 = 2|H T h| ≤ 4λ j |wc||dc|

c3 = |hT h| = |Jwc|2 + |dc|2, β1 = 6λ2
j |wc|2

β2 = 3|dc|2 + |Jwc|2

As analyzed in Ref. 18, the inequality (36) implies that
ρo(|d̂(we, t)|) ≤ |we|, where ρo(·) is not a class K∞ function in the
case of trajectory tracking or in the presence of external disturbance
because it is increasing but not strictly increasing when c3 
= 0 or
β2 
= 0.

If there exists no external disturbance, d(t) = 0, then the 0-GAS
property holds for the setpoint regulation problem (corresponding
to ẇc = wc = 0 and qc = constant) because c1 = c2 = c3 = 0 and then
V̇ < 0. However, the static PD controller (28) cannot guarantee the
GAS either in the trajectory tracking or in the existence of external
disturbance. This fact brings about a performance limitation of the
inverse optimal PD controller. The control performance is deter-
mined by the gain values of the controller. Therefore, it is important
to set up a relation between the gain values and the system errors,
which is found by examining points that satisfy V̇ = 0.

Theorem 4: Choose k2 = 1. Suppose that λc is the minimum eigen-
value of the matrix

Qc =



(
2k1 + 1

γ 2

)
b2 I3

(
k1 + 1

γ 2

)
bI3

(
k1 + 1

γ 2

)
bI3

(
2k1 + 1

γ 2
− b

2
λ j − b2

γ 2
λ2

jλ
2
i − γ 2

4
c̄1

)
I3




Let the performance limitation |x̃ |PL be defined as the Euclidean
norm of x̃ that satisfies V̇ = 0. If the inverse optimal PD control law
(28) with k2 = 1 is applied to the attitude trajectory tracking system
(16) and λc > 0 is satisfied, then its performance limitation is upper
bounded by

|x̃ |PL ≤ γ 2

8λc

[
c̄2 +

√
c̄2

2 + 16

γ 2
λcc̄3

]
(37)

where c̄1 = sup{c1(t)}, c̄2 = sup{c2(t)} and c̄3 = sup{c3(t)}, with
c1, c2, and c3 defined by Eq. (36).
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Proof: Substituting l(x) of Eq. (30) with k2 = 1 into V̇ in inequal-
ity (34), we have

V̇ ≤ −[
k1 − (b/2)λ j − (b2/γ 2)λ2

jλ
2
i

]|we|2 − k1b2|ε|2

− (
k1 + 1/γ 2

)|we + bε|2 + (γ 2/4)|d̂|2

≤ −x T Qcx + (γ 2/4)(c2|we| + c3)

≤ −λc|x |2 + (γ 2/4)c̄2|x | + (γ 2/4)c̄3 (38)

where λc is the minimum eigenvalue of Qc. By the definition of
the performance limitation, inequality (38) brings about the perfor-
mance limitation of inequality (37). �

Remark 3: Either in the case of trajectory tracking or in the pres-
ence of external disturbances, c1, c2, and c3 are not always zero and
thus there exists a bound for the system error. Inequality (37) can
be considered as an upper bound of the system error for all time
and thus can be used as a formula to predict the performance of the
closed-loop system for various values of the controller gains.

Remark 4: Because the right-hand side of inequality (37) is mono-
tonically decreasing with λc, the inequality holds if λc is replaced
by any smaller positive value. The minimum eigenvalue λc of the
matrix Qc in Theorem 4 satisfies

λc ≥ min
{

b2k1,
[
k1 − (b/2)λ j − (b2/γ 2)λ2

jλ
2
i − (γ 2/4)c̄1

]}
(39)

This can be seen by writing Qc as a sum of two terms,

Qc =




k1b2 I3 0

0

(
k1 − b

2
λ j − b2

γ 2
λ2

jλ
2
i − γ 2

4
c̄1

)
I3




+
(

k1 + 1

γ 2

)[
I3 0

1

b
I3 I3

][
b2 I3 bI3

0 0

]

and noting that the minimum eigenvalue of the second term is zero.
Remark 5: Suppose that |wc(t)| ≤ c̄4, where c̄4 = sup{|wc(t)|} is a

positive constant. Then it follows from Eq. (36) that β1 ≤ β̄1 = 6c̄2
4λ j

and

|d̂|2 ≤ β1|we|2 + β2 ≤ β̄1|we|2 + β2

Substituting these into V̇ in relation (34), we have

V̇ ≤ −[
k1 − (b/2)λ j − (b2/γ 2)λ2

jλ
2
i

]|we|2 − k1b2|ε|2

− (
k1 + 1/γ 2

)|we + bε|2 + (γ 2/4)|d̂|2

≤ −[
k1 − (b/2)λ j − (b2/γ 2)λ2

jλ
2
i − (γ 2/4)β̄1

]|we|2

− k1b2|ε|2 + (γ 2/4)β2 (40)

As shown in Eq. (36), β2 consists of wc(t), ẇc(t), and d(t). If
[
k1 − (b/2)λ j − (b2/γ 2)λ2

jλ
2
i − (γ 2/4)β̄1

]
> 0

it can be deduced from relation (40) that the closed-loop sys-
tem is β2-to-(ε, we) stable. In addition, if wc(t), ẇc(t), and
d(t) ∈L2[0, ∞), then the L2 gain from β2 to (ε, we) is finite and ε,
we ∈L2[0, ∞).

After analyzing the performance estimates of the closed-loop sys-
tem with the inverse optimal controller (28), we present some guide-
lines for gain selection. Without loss of generality, we choose k2 = 1.
The parameter b is chosen small enough to assure that the Lyapunov
function V of Eq. (19) is positive definite. By appropriately choosing
k1 and b, we can choose λc ≥ b2k1 as follows.

Suppose that |wc| ≤ c̄4. It follows that c1 ≤ c̄1 = 4λ2
j c̄

2
4. If we

choose the gain k1 to satisfy the condition

k1 > (γ 2/4)c̄1 = γ 2λ2
j c̄

2
4 ≥ (γ 2/4)c1 (41)

and the inequality

k1 − (b/2)λ j (−b2/γ 2)λ2
jλ

2
i − (γ 2/4)c̄1 ≥ b2k1λ

2
jλ

2
i

then it follows that

λc ≥ b2k1 (42)

(because λ jλi ≥ 1) and the following constraint of the parameter b:

b ≤ (1/2A)

{
−λ j/2 +

√
λ2

j

/
4 + 4A

[
k1 − (γ 2/4)c̄1

]}
(43)

where A = (k1 + 1/γ 2)λ2
jλ

2
i .

From Eq. (41), we note that (k1/γ
2) should be larger as the max-

imum of |wc|2 goes, which means that (
√

k1/γ ) should be directly
proportional to c̄4; that is,

√
k1/γ ∝ c̄4 (44)

If we further choose k1 large enough or γ small enough so that
4A(k1 − γ 2/4)c̄1 � λ2

j/4, the constraint (43) can be approximated
by

b ≤ 1√
A

√
k1 − γ 2

4
c̄1 =

√
k1 − γ 2λ2

j c̄
2
4(

k1 + 1/γ 2
)
λ2

jλ
2
i

Together with relation (44), we could choose

b ∝
√

k1

/[(
k1 + 1/γ 2

)
λ2

jλ
2
i

]
(45)

with a small scale that is less than 1, which implies that the gain b is
slowly increasing with γ and k1 but not in a perfectly proportional
way. When γ is small enough so that 1/γ 2 � k1, it follows that

b ∝ γ
√

k1

/
λ jλi

Using the inequality

√
x2

1 + x2
2 ≤ |x1| + |x2| for all x1, x2 ∈ R

and substituting inequality (42) into inequality (37), we can repre-
sent the performance limitation (37) as follows:

|x̃ |PL ≤ (
γ 2

/
8b2k1

)[
2c̄2 + (4/γ )

√
b2k1c̄3

]

which implies that

|x̃ |PL ≤ (c̄2/4)(1/b)2
(
γ
/√

k1

)2 + (√
c̄3

/
2
)
(1/b)

(
γ
/√

k1

)
(46)

from which we can conclude that the performance limitation |x̃ |PL

in inequality (37) can be considered as a performance estimate with
respect to the magnitudes of the gains k1 and γ : For a fixed γ ,
a bigger k1 results in a smaller error x̃ . A smaller γ also brings
a smaller error x̃ . A small L2 gain γ affects the performance by
increasing the attenuation of the external disturbance and reference
inputs.

Therefore, conditions (41) and (44–46) establish the relations
between the attitude-tracking error x̃ and the controller parameters
k1, γ , and b. Hence, we can consider conditions (44) and (45) as
selection guidelines for the gains k1 and b in the optimal control law
(28).
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VI. Simulation Results
In this section, a rigid-body microsatellite is considered to demon-

strate the performance of the H∞ inverse optimal tracking controller.
In the simulations, we assume that the inertia matrix of the satel-

lite is

J =




10 0 0

0 10 0

0 0 8


 kg · m2

with λ j = 10 and λi = λmax(J −1) = 0.125. We also assume that the
external disturbance d(t) is given by

d(t) =




0.005 − 0.05 sin(2π t/400) + δ(200, 0.2) + v1

0.005 + 0.05 sin(2π t/400) + δ(250, 0.2) + v2

0.005 − 0.03 sin(2π t/400) + δ(300, 0.2) + v3


 Nm

(47)
where δ(T, �T ) denotes an impulsive disturbance with magnitude
1, period T , and width �T . The terms v1, v2, and v3 denote white
Gaussian noises with mean values mv1 = mv2 = mv3 = 0 and vari-
ances σ 2

v1
= σ 2

v2
= σ 2

v3
= 0.0052. The desired angular velocity wc of

Fig. 1 Time responses of the angular velocities w and wc: . . . , target angular velocity wc and ——, w.

Fig. 2 Time history of the rate error we = [we1, we2, we3]T .

the spacecraft is given by

wc =




0.05 sin(2π t/400)

−0.05 sin(2π t/400)

0.03 sin(2π t/400)


 rad/s (48)

with c̄4 = sup{|wc(t)|} = 0.077 and is plotted in Fig. 1 as dotted
lines. The target quaternion qc can then be computed by integrating
Eq. (11) with the initial condition qc(0) = [0, 0, 0, 1]T .

Further, the initial conditions of the quaternion q and the an-
gular velocity w are given by q(0) = [0.3, 0.2, 0.3, −0.8832]T and
w(0) = [0, 0, 0]T . The gain k2 in the controller (28) is assumed to
be k2 = 1. The gain k1 is chosen so that k1 � γ 2λ2

j c̄
2
4; the value of b

is then obtained from relations (43) and (45).
First, we choose a set of gains, γ = 1, k1 = 4.0, k2 = 1, and

b = 0.18, to demonstrate the tracking performance of the derived
H∞ optimal PD tracking controller (28). Figures 1 and 2 depict
the time responses of the angular velocities w and wc and the corre-
sponding rate error we, from which we can say that the actual angular
velocity w tracks the target angular velocity wc well with a small
error. The sharp peaks in Figs. 1 and 2 are due to large impulsive dis-
turbances. Figure 3 plots the time behavior of the actual quaternion
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Fig. 3 Time responses of the unit quaternions q and qc: . . . , target quaternion qc and ——, q.

Fig. 4 Time histories of the tracking error ε= [ε1, ε2, ε3]T .

q compared to the desired quaternion qc and Fig. 4 shows the orien-
tation error ε. It is seen from Figs. 3 and 4 that the PD tracking law
(28) achieves good performance in attitude tracking with satisfac-
tory orientation error. Figure 5 shows the time history of the control
effort u = [u1, u2, u3]T .

Next, we fix the L2 gain γ = 1.0 and change the magnitude of
the gain k1 from 2.0 to 4.0 and finally to 8.0, that is, increased
by a factor of 2 each time, to show the relationship between the
gain k1 and the system error. After conditions (43) and (45) are
applied, the value of b is changed accordingly as 0.164, 0.180, and
0.190. Under control law (28) and with these values of k1 and b,
the closed-loop system enters into steady tracking within 100 s as
before. The norm of the tracking error |x̃ | = √

(εT ε + wT
e we) and

the state ε1 in the interval [100, 800] s for different values of the
gain k1 are depicted as in Figs. 6 and 7, in which the norm |x̃ | and
the steady error ε1 approximately decrease by half each time. A
larger gain k1 results in a smaller tracking error x̃ . For example, as
k1 increases from 2.0 → 4.0 → 8.0, the maximum value of the norm
|x̃ | is reduced from 0.088 → 0.048 → 0.025 and the maximum of
ε1 from 0.050 → 0.028 → 0.015. The history of the control effort
u1 in the interval [0, 80] s is plotted as in Fig. 8. (A shorter interval

is selected to see the effects of the gain k1 on the control torque
u clearly.) From Fig. 8 we note that a larger k1 results in a bigger
control effort to achieve the steady attitude tracking in shorter time.

Last, we fix the gain k1 = 4 and change the magnitude of the L2

gain γ from 2.0 to 1.0 and finally to 0.5, that is, decreased by a
factor of 2 each time, to show the relationship between the L2 gain
γ and the system error x̃ . The value of b is changed accordingly as
0.194, 0.180, and 0.142 by the tuning rule (45). With the controller
(28), the closed-loop system achieves steady tracking within 100 s
as before. The norm of the error |x̃ | and the attitude error ε1 in the
interval [100, 800] s are plotted as in Figs. 9 and 10, from which it
is seen that the steady tracking error x̃ is reduced as γ decreases.
For example, as γ is reduced from 2.0 to 1.0 and then to 0.5, the
maximum of the norm |x̃ | is reduced from 0.050 to 0.046 and then to
0.036. The time history of the control input u1 in the interval [0, 80]
s is plotted as in Fig. 11, from which we observe that a smaller γ
results in a bigger control effort to achieve steady attitude tracking
in a shorter time.

Compared with the existing techniques for attitude control, one
advantage of our approach is the flexible tradeoff between the track-
ing performance and the control effort, which usually leads to more
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Fig. 5 Time history of the control effort u = [u1, u2, u3]T .

Fig. 6 Time history of the norm ||x̃|| in the interval [100, 800] s, γ = 1.

Fig. 7 Tracking error ε1 in the interval [100, 800] s, γ = 1.

economical control for a good tracking performance. To further il-
lustrate this point, a computer simulation is presented to compare
our H∞ inverse optimal controller with the variable structure con-
troller (VSC) in Ref. 24, where the attitude-tracking problem was
also considered with external disturbances, and the VSC was proved
to be globally stable under certain conditions. The VSC in the cur-
rent simulation is given by

u = −um sgn(s), s = we + kε

k̇ = −γkum

3∑
i = 1

[sgn(k)|εi | + εi sgn(si )] (49)

where um = 0.07 Nms, γk = 0.001, and k(0) = 0.105, respectively.
For our H∞ inverse optimal control (28), we let b = 0.10, k1 = 10,
and γ = 0.045. The initial conditions are w(0) = [0, 0, 0]T and
q(0) = [0, 0, 0, 1]T . Figure 12 plots the norm of the tracking er-
ror |x̃ | and the control effort u, from which we see that the tracking
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Fig. 8 Control effort u1 in the interval [0, 80] s, γ = 1.

Fig. 9 Time history of the norm ||x̃|| in the interval [100, 800] s, k1 = 4.

Fig. 10 Tracking error ε1 in the interval [100, 800] s, k1 = 4.

Fig. 11 Control effort u1 in the interval [0, 80] s, k1 = 4.
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Fig. 12 Comparison between VSC and H∞ inverse optimal control.

performances of the two controllers are nearly identical. The VSC
(49), by switching the control u between ±um , is producing a torque
that has the same effect as the control torque of the H∞ inverse
optimal control (28). Of course, in this way the VSC would re-
quire a control power of |um |2, which is much higher than that
required by the H∞ inverse optimal controller. Furthermore, simu-
lations showed that um cannot be smaller than 0.07 if the VSC (49)
is to be able to track the reference (48) subject to the disturbance
(47).

Note that for a fair comparison, the control torques of the H∞
inverse optimal controller and the VSC were both under the same
bound um = 0.07 in the simulations, as shown in Fig. 12.

VII. Conclusions
With the introduction of extended disturbances, the robust inverse

optimal control method has been applied to the attitude-tracking
control problem of a rigid spacecraft with external disturbances.
The proposed state-feedback control law is robust inverse optimal
with respect to a meaningful cost functional that includes penal-
ties on tracking errors and control efforts as well as extended
disturbances. The associated control Lyapunov function solves a
Hamilton–Jacobi–Isaacs partial differential equation. Thus, nonlin-
ear H∞ optimality with respect to extended disturbances is achieved
without obtaining a direct solution of the HJI equation and the dis-
turbance is also attenuated. Such a state-feedback law is in the
form of a PD controller, which is easy to implement in practice.
Performance estimates have been given in terms of the perfor-
mance limitation. Based on the performance analysis, tuning rules
have been established as selection guidelines for the proportional
and derivative gains. Numerical simulations have been carried out
to verify the performance analysis and the validity of the tuning
rules.
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